An operator calculus is developed applicable to problems in the electron theory of metals. It differs from the common operator calculus of the quantum theory in the fact that the wave function is defined in a finite space (the atomic polyhedron) bounded by a finite surface. This leads to the introduction of surface operators.
O perator c a lc u lu s in th e electro n th eo ry o f m eta ls 1. I ntroduction
The problem of metallic constitution consists principally in the solution of the wave equation where the potential V and the wave function xjr extend throughout the whole lattice. This problem has in principle been solved by Bloch (1928) , who showed th at the wave functions are modulated plane waves xlrk{r) = e^ r),( 1*2) where uk{ r) has the periodicity of the lattice, and by Wigner and Seitz ( i933)) who noticed th a t Bloch's theorem reduced the problem of finding a wave function extending throughout the whole lattice, to th a t of finding a wave function in one atomic polyhedron, satisfying certain boundary conditions on the surface of the polyhedron. They gave the first actual numerical calculation of metallic wave functions.
These investigations have revealed the character of the metallic binding. But it is rather surprising th a t they have not led as yet to the development of a general crystal theory of metals, comparable to the crystal theory of central forces developed by Bom and others.
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One reason for this--it seems to me-is to be found in the fact th a t the solution of the wave equation (1 • 1) has mostly been tackled by numerical methods. Numerical calculations are indeed to some extent indispensable, since the potential in which the electron moves is mostly determined by the nearest ion; and the potential of an ion is available only in numerical form.
However, if the solutions of the wave equation are known for a certain state of the crystal-say the undeformed crystal a t the absolute zero of tem perature-it should be possible to calculate the physical quantities relating to other states of the crystal (elastic constants, thermal frequencies, etc.) by means of analytical methods. An attem pt in this direction has been made by Frohlich (1937 Frohlich ( , 1938 . B ut Frohlich's 'perturbation of the boundary condition' can only be applied to problems for which the boun dary conditions are explicitly known; this is the case only in exceptional conditions (uniform pressure, certain modes of vibration).
Furthermore, any change in the physical conditions is in general not expressible in terms of a change of boundary conditions only, but is accom panied a t the same time by a change in the potential. A method including both is therefore desirable.
The ordinary perturbation theory of quantum mechanics has been applied by Wigner and Seitz (1934) for the calculation of the 'Fermi energy', due to the higher electronic states. In applying this method in general certain modifications are necessary. These are due to the fact th a t we are dealing with a wave function defined in a finite space, the atomic polyhedron, bounded by a finite surface. This paper is devoted to a systematic investiga tion of the modifications necessary in order to adapt the perturbation theory of quantum mechanics to this problem. I t will be seen th at a con sistent perturbation theory can be developed embodying the advantages of Frohlich's method without the limitations imposed by the concentration on the boundary conditions. The essential point is the following: Let us consider the ensemble of admissible wave functions-i.e. the ensemble of functions for which the Hamiltonian operator (IT) is Hermitian. Then all operators may be admitted which transform an admissible function again into an admissible function. Now, of the two fundamental operators of quantum mechanics, the multiplication operator x and the differential operator p = h/i 9/3x, only the latter is admissible. The former changes an admissible wave function into another function for which the Hamiltonian is not Hermitian.
This has the consequence th at if/(x) is a function which can be developed with respect to the proper functions of the Hamiltonian operator, then x/(x) cannot be developed in this way.
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I shall introduce instead of the multiplication operator another admissible operator, which coincides w ithx throughout the atomic polyhedron, except a t the surface, where it is an improper operator (similar to Dirac's (^-func tion). Indeed, this operator is nothing but the Fourier development of x. The result of this replacement is th at in a number of quantum mechanical operations (for example commutation with p) additional terms appear, which can be expressed as integrals over the surface of the atomic poly hedron. These additional terms can be regarded as the elements of an independent operator.
The main part of this paper contains the development of the general theory. In the last sections the problem of the Fermi energy is treated as an example. The reader familiar with the proof given by Wigner and Seitz will recognize it in its new form, which shows the real significance of th a t calculation, and holds under more general conditions.
The application to the problem of the elastic constants will be given in a following paper.
The wave equation in the atomic polyhedron
If the wave function (1*2) is inserted into the wave equation (1*1), one finds Hkuk -^k uk' (2-1)
The function uk has the periodicity of the lattice, and it is therefore suffi to solve the equation (2 -1)in the atomic polyhedron, subject to the boundary condition that the wave function is continuous, if periodically continued. Such functions will be called ' continuous ' for short.
The 'atomic polyhedron' can of course be defined in various ways. For the present it will not be specified any further beyond the statem ent th a t the arrangement of ions throughout the whole crystal is obtained by a periodic continuation of the atomic polyhedron. The case of composite lattices, containing more than one ion per atomic polyhedron, is therefore included in the general formalism. The only property of the atomic poly hedron needed for the present is th a t to each point at any p art of the surface f For simplicity E k will be referred to as the energy, though the 'true ' energy is there corresponds an 'opposite' point on a parallel p art of the surface, the radius vector between the two points being equal to a lattice vector.
Obviously a continuous function has the same value a t two opposite points.
I t can now easily be shown th at the operator p is Hermitian for all continuous functions with continuous derivatives.
Here the scalar product ( u. v) is defined as the integral over an ato hedron (u.v) so th at (2-4) reduces to hi This expression is identical with the surface integral
where v is a unit vector in the direction of the outward normal. I t has opposite signs at two opposite points and therefore the integral vanishes. This proves (2*4). Now the Hamiltonian (2*3) contains p and p 2, apart from the potential V, which is of course Hermitian. Therefore H is Hermitian for all continuous functions with continuous first and second derivatives.
In the following the usual assumption is made that the derivatives of the wave functions exist as far as they are needed and that they are continuous if the wave function is continuous. This assumption shall be implicit in the term 'continuous ' function.
The solutions uk of the wave equation must of course be continuous, and any operator which does not destroy the continuity is admissible. These will be called 'continuous operators'. They include for example the momentum operator p and the potential F(x), since the latter is itself a continuous function. (For this reason the continuity of the wave function uk implies also the continuity of the derivatives of the wave function.) However, I shall further admit operators, which destroy the continuity of the wave function, as long as the result of the operation is a function, for which the Hamiltonian is Hermitian. They can be defined as the limit of a series of continuous operators. Only if the operator destroys the Hermitian character of the Hamiltonian, it shall not be admitted.
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With these precautions the general operator calculus of the quantum theory can be applied. The proper solutions u% of the wave equation (2-1) form a complete system of orthogonal wave functions for any given value of k; they are assumed to be normalized in the atomic polyhedron. In general it will be most convenient to select from this infinite number of systems, the system for k = 0, which will be denoted by u%. The general conside of the following sections apply to any system and for simplicity the index k will be omitted.
By admitting in the operator calculus operators which are not continuous a t the boundary, the question arises whether the perturbation theory based thereon will lead to continuous wave functions. This is indeed the case. For, by restricting the operators as outlined above, we ensure th a t the wave equation is satisfied not only inside the atomic polyhedron but also at the surface. Since the solutions of the wave equation are per force differentiable, they must therefore also be continuous at the boundary.
We have seen in the preceding section th at no difficulties arise in connexion with the momentum operator p. This is different if we turn to the position operator x. For, it changes a continuous function into a discontinuous function, and in general destroys the Hermitian character of the Hamil tonian, as will be shown immediately.
Let xi be the co-ordinates of a point inside the atomic polyhedron counted from an arbitrary origin. Let u, v be two continuous functions and operate with xi on v. The result is a function, for which p is not Hermitian
Here the right-hand side is a surface integral, which in general is different from zero. I t follows therefore th a t xi is not an admissible operator.
We introduce now the operator^ defined by its matrix elements
If xi were an admissible operator, ^ would of course be identical with x t. B ut since xi is not admissible, ^ coincides with xi only inside the atomic polyhedron, but not at the boundary. This is immediately evident, if we
For this expression is equal to = (ucc.xi u^).
(3-1)
represent^ as the limit of a series of operators, using the successive approxi mations by means of the Fourier development of Each term in this series is a continuous function of x and therefore an admissible operator, coinciding with the operator defined by its m atrix elements. In the limit it coincides with Thus we have (w .p^) = (p w .^)} (3*2)
I t is obvious th a t \ is Hermitian
Since \ differs from x only a t the boundary, all m atrix elements containing \ but no derivatives of % can be calculated by replacing 1 * by x. Thus This matrix element must be reduced to the element (3*4)
since p and % are both Hermitian. The components of £ can be represented as functions ofx; therefore they commute with each other.
(3*6)
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Commutation rules and surface operators
Consider now the commutation of p with a function of Corresponding to (3-4) and (3*5) the matrix elements are [Po/fS)]*' = -f j { -* /(x )^+ « « » /(x )^jir = -jJs ; d T + ?/*"* uPdr.
The first integral can be changed into a surface integral; the second gives the matrix elements of 3/(^)/0^; thus
The appearance of such surface integrals is characteristic for the operator calculus developed here. They can be considered as the elements of an 220 K. Fuchs independent operator, since all other elements in (4-1) are the elements of admissible operators. I introduce therefore the 'surface operators'
Vi{A,f(x),B).
They are defined by means of their matrix elements
Here A and B are supposed to be continuous operators, so th a t they have no divergencies at the surface. W ith this definition (4T) may be w ritten as an operator equation
[ f t . / < 5 ) ]
(4'3)
The surface operators can also be represented in a;-space where they are improper functions. This will be seen, if the matrix elements are formed according to the usual rule and compared with the definition (4-2),
=ju«* B )uP dT= j (A+u*)* v j ( x ) Bunder.
This equation shows th at the operators B) are a kind of ^-function a t the boundary and vanish inside the atomic polyhedron.
Some properties of the surface operators
The surface operators have some simple properties, which will now be briefly considered.
(
i) The adjoint of a surface operator. From the definition (4-2) follows immediately th at v f A ,/ (x ), B Y = v f B f /*(x), A Y .
(ii) Continuous functions /(x ). I f /( x ) is a continuous function of x, it is obvious th at the surface operator vfA B) vanis means th a t in our calculus we need not distinguish between the functions /(x ) and/(^), if/ is continuous.
(iii) Product with continuous operators. The most im portant property of the surface operators is, th at a product with any continuous operator is again a surface operator. In order to prove this, let us multiply the equation (4-3) from both sides with a continuous operator
A P{.M ) ] B = Y d^B -i A v A l , f ( x ) , l ) B .
Operator calculus in the electron theory of metals I f these m atrix elements are w ritten as integrals, the integrand easily reduces to a complete differential, so th a t the integral reduces to a surface integral; the latter is identical with the surface integral (4*2). Therefore the following relation holds
Observing th a t the product of two continuous operators is again a con tinuous operator, it follows from (5*2) th a t
where C and D are also continuous operators. I t may be remarked th a t if A or they may be shifted into the middle position as follows
This follows from the definition (4-2).
Commutation with the Hamiltonian AND PERTURBATION CALCULUS
Let us consider now the commutation of the Hamiltonian with a function of the fa . In the following the summation convention is used for the lower indices i, j, etc., denoting components of vectors. W ith the Hamiltonian (2*3) one finds The commutation equations (6T)-(6-3) are the essential equations for any perturbation problem. Their use depends largely on the special problem and I shall therefore only indicate it shortly and then treat the problem of the Fermi energy as an example.
Any change of the boundary can of course be compensated by a change of co-ordinates. I t is therefore sufficient to consider a perturbation given by a perturbation Hamiltonian
H = H + H + ....(6-4)
I t will be most convenient to use the abstract perturbation calculus of Born and Jordan (1930) . Our problem is then to find a unitary transformation U which brings the Hamiltonian H into the diagonal form
On expansion we find the first order equation
(6-7)
In applying this equation to problems in the theory of metals, it is often possible to find a strict solution of this equation, if the atoms are a t infinite distances front each other. Let this solution be denoted by an index 00; then one has 0 1 1 1
Now, for infinite lattice distance the surface operators vanish, since then the wave functions vanish at the surface. For a finite lattice distance the left-hand side of this equation then differs exactly by the surface operators 1 appearing in (6-l)-(6*3). Let these be denoted by N; then we have
where Um and therefore N are known operators. Writing (6) (7) (8) (9) and subtracting (6*8) from (6-7), we find
[H,T] = E -E^-H + Hn+N.
(6-10)
The diagonal elements of the left-hand side vanish; hence The equation (6-8) is of some interest. If it is remembered th a t is a surface operator which vanishes everywhere inside the atomic polyhedron, i i l and disregarding the term H -Hw it will be seen th a t is a solution of the equation (6*7) except a t the surface. Hence the corresponding wave func tions satisfy the wave equation everywhere inside the polyhedron, but not l at the boundary. This is due to the fact th a t the operator Um is not a con tinuous operator, and as pointed out in § 2, for this reason the corresponding wave function is automatically rejected.
The wave functions and energies of THE HIGHER ELECTRONIC STATES
In this section let us consider a cubic lattice and assume th at the wave functions and energies for k = 0 are known. These form a compl gonal system of wave functions and the solution of the wave equation for the higher states (k ^ 0) can be obtained by the perturbation theory.
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The results for the energy have already been given by Wigner and Seitz (1934) . But they have not paid any explicit attention to the question whether the operations performed are admissible or not.
It will be most convenient to assume the atomic polyhedron in such a way that it symmetrically surrounds the lattice points. Then the Hamiltonian 0 . 0 H for lc -0 has the symmetry of the lattice and the proper functions u are symmetric or antisymmetric with the lattice symmetry. For a cubic lattice it follows th at the diagonal elements of the operators p and 1 * vanish (p)aa = (5)aa = 0.
Expanding with regard to k the Hamiltonian is (7-1)
where from (2-3) 0 /r)2
Let the energy be Then (6-5) gives on E = E + Ek. 0 0 multiplication with 27 (observe th a t E = H) [H, 27] + HkU -UEk = 0.
(7-6) Let us consider the solution of this equation for infinite lattice distance. In this case the wave functions \Jrk inside a given zone are all identical and equal to \jfQ = u0. Therefore it follows from (1-2) th a t uk = exp ( -i(k.x)) u0. Hence the unitary transformation 27 for infinite lattice distance is This operator is uniquely defined since the commute with each other. We are thus led to the substitution .27 as e-^'V+T,(7*7)
Now, from (6-2) it follows th a t 0 [7] [8] [9] [10] [11] [12] where
Substitution of these expansions in (7*10) gives the first and second order equations From the definition (4*2) of the elements of a surface operator follows th a t i both terms (7-13) in the diagonal elements of N vanish, owing to the cubic symmetry. Therefore the diagonal elements of (7-15) give i l Wa = N ax = 0 .
The non-diagonal elements of (7*15) give i 1 i T a/} = ~o--------o~~ ' T "* = °> (7*20) E P -E * i whereas the diagonal elements of T vanish in view of (7-17), since they may be taken to be real without loss of generality.
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K. Fuchs Following Wigner and Seitz (1934) this sum can be evaluated approximately for the lowest zone of the valence electrons. For in this case all states of lower energy give a negligible contribution, since their wave functions are very small a t the boundary so th a t the corresponding element of the 1 0 surface operator N is also small. We may therefore replace in the numerator of (7-24) by a suitably chosen mean value, which is of the order of the energy of the first state giving an appreciable contribution.
1
Substituting for H the value (7-12), the energy (7-22) is in this way k i n * m 0 0 ' E a-E or with (7-13), (7-14) and (5-2) (7-25)
2
W«
i t 4m {viiPi> (k • x)2, 1) + vt{ 1, (k . x)2, p t) + 2ih1ct 1, (k . x), 1)} + &2 k M V iP i' (k . x), 1) + Vt{P l , (k . x ) , ( 7 -2 6 ) E « -E Thus the energy is given in terms of surface integrals containing only the wave function of the lowest valence state. If the latter is an 5-state in the undeformed cubic lattice, most terms vanish in view of the cubic symmetry or the boundary condition
